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This paper is dedicated to my mother with deep estimate and love
Abstract. We introduce and study fractional variable exponents Sobolev
trace spaces on any open set in the Euclidean space equipped with the Lebesgue
measure. We show that every equivalence class of Sobolev functions has a
quasicontinuous representatives. We use the relative capacity to characterize
completely the zero trace fractional variable exponents Sobolev spaces. We
also give a relative capacity criterium for removable sets.
1. Introduction
The purpose of this paper is to introduce the fractional variable exponent
Sobolev trace spaces and to characterize the traces of the Sobolev functions on
any open set in the Euclidean space equipped with the Lebesgue measure. The
motivation for this study is twofold. First we are interested in developing the
theory of variable exponents Sobolev trace spaces in the fractional case, to this
end, it is crucial that we can know the traces of Sobolev functions on the boundary
of the set of definition. On the other hand, we would like to present a general
theory which covers applications to fractional and nonlocal operators of elliptic
type, see for example [5, 6, 14] and references therein.
Functions spaces with variable exponent have been intensely investigated in the
recent years. One of such spaces is the Lebesgue and Sobolev spaces with variable
exponent. They were introduced by W. Orlicz in 1931 [21]; their properties were
further developed by H. Nakano as special cases of the theory of modular spaces
[20]. In the ensuing decades they were primarily considered as important exam-
ples of modular spaces or the class of MusielakOrlicz spaces. In the beginning
these spaces had theoretical interest. Later, at the end of the last century, their
first use beyond the function spaces theory itself, was in variational problems and
studies of p(.)-Laplacian operator, which in its turn gave an essential impulse
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for the development of this theory. For more details on these spaces, see the
monographs [9, 17, 18].
We now give the main results of the paper. First, we introduce some notations
which will be observed in this paper. Throughout this paper we will use the
following notations: Rn is the n-dimensional Euclidean space, and n ∈ N always
stands for the dimension of the space. Ω ⊂ Rn is a open set equipped with
the n-dimensional Lebesgue measure. For constants we use the letter C whose
value may change even within a string of estimates. The ball with radius r and
center x ∈ Rn will be denoted by B(x, r). The closure of a set A is denoted
by A and the topological boundary of A is denoted by ∂A. The complement
of A will be denoted by Ac. We use the usual convention of identifying two µ-
measurable function on A (a.e. in A, for short) if they agree almost everywhere,
i.e. if they agree up to a set of µ-measure zero. The characteristic function
of a set E ⊂ A will be denoted by χE . The Lebesgue integral of a Lebesgue
measurable function f : Ω −→ R, is defined in the standard way and denoted by∫
Ω
f(x) dx. We use the symbol := to define the left-hand side by the right-hand
side. For measurable functions u, v : Ω −→ R, we set u+ := max {u, 0} and
u− := max {−u, 0}. We denote by L0(Ω) the space of all R-valued measurable
functions on Ω. We denote by C(Ω) the space of continuous functions on Ω. By
Cc(Ω) we design the space of continuous functions on Ω with compact support
in Ω. We denote by C(Ω) the space of uniformly continuous functions equipped
with the supremum norm ‖f‖∞ = supx∈Ω |f(x)|. By C
k(Ω), k ∈ N, we denote
the space of all function f , such that ∂αf :=
∂|α|f
∂α1x1........∂αnxn
∈ C(Ω) for all
multi-index α = (α1, α2, ..., αn), |α| := α1 + α2 + ...... + αn ≤ k. The space
is equipped with the norm sup|α|≤k ‖∂αf‖∞, C
∞(Ω) =
⋂
k C
k(Ω). The set of
smooth functions in Ω is denoted by C∞(Ω) - it consists of functions in Ω which
are continuously differentiable arbitrarily many times. The set C∞0 (Ω) is the
subset of C∞(Ω) of functions which have compact support.
Next, we introduce variable exponent Lebesgue and fractional Sobolev spaces as
an abstract modular spaces. Let Ω ⊂ Rn be an open set. We fix s ∈ (0, 1) and we
consider two variable exponents, that is, q : Ω→ [1,+∞) and p : Ω×Ω→ [1,+∞)
be two measurable functions. The set of variable exponents q : Ω → [1,+∞) is
denoted by P(Ω) and the set of variable exponents p : Ω×Ω→ [1,+∞) is denoted
by P(Ω × Ω). we set p− :=essinf(x,y)∈Ω×Ωp(x, y), p
+ :=esssup(x,y)∈Ω×Ωp(x, y),
q− :=essinfx∈Ωq(x) and q
+ :=esssupx∈Ωq(x).
Throughout this paper we assume that
1 < p− ≤ p(x, y) ≤ p+ <∞,
1 < q− ≤ q(x) ≤ q+ <∞.
Notice that by [9, Proposition 4.1.7], we can extend q and p to all of Rn and
R
n × Rn respectively.
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The variable exponent Lebesgue space Lp(.)(Ω) is the family of the equivalence
classes of functions defined by
Lp(.)(Ω) :=
{
u ∈ L0(Ω) : ρp(.)(λu) =
∫
Ω
|λu(x)|p(x) dx <∞, for some λ > 0
}
.
The function ρp(.) : L
p(.)(Ω) −→ [0,∞) is called the modular of the space Lp(.)(Ω).
We define a norm, the so-called Luxembourg norm, in this space by
‖u‖Lp(.) = inf
{
λ > 0 : ρp(.)
(u
λ
)
≤ 1
}
.
We define the fractional Sobolev space with variable exponents as follows:
Ws,q(.),p(.,.)(Ω) :=
{
u ∈ Lq(.)(Ω) :
|u(x)− u(y)|
|x− y|s+
n
p(.,.)
∈ Lp(.,.)(Ω× Ω)
}
.
We define a modular on Ws,q(.),p(.,.)(Ω) by
ρ
s,Ω
q(.),p(.,.)(u) :=
∫
Ω
|u(x)|q(x) dx+
∫
Ω
∫
Ω
|u(x)− u(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy.
Let
[u]s,p(.,.) (Ω) := inf
{
λ > 0 :
∫
Ω
∫
Ω
|u(x)− u(y)|p(x,y)
λp(x,y) |x− y|n+sp(x,y)
dxdy ≤ 1
}
,
be the corresponding variable exponent Gagliardo semi-norm. It is easy to see
that Ws,q(.),p(.,.)(Ω) is a Banach space with the norm
‖u‖Ws,q(.),p(.,.)(Ω) := ‖u‖Lq(.)(Ω) + [u]
s,p(.,.) (Ω).
It is clear that Ws,q(.),p(.,.)(Ω) can be seen as a natural extension of the classical
fractional Sobolev space. The modular ρs,Ω
q(.),p(.,.) induces a norm by
‖u‖
ρ
s,Ω
q(.),p(.,.)
:= inf
{
λ > 0 : ρs,Ω
q(.),p(.,.)(
1
λ
u) 6 1
}
,
which is equivalent to the norm ‖u‖Ws,q(.),p(.,.)(Ω). It is clear that u ∈ W
s,q(.),p(.,.)(Ω)
if and only if ρs,Ω
q(.),p(.,.)(u) <∞.
Note that the spaceWs,q(.),p(.,.)(Ω) is a separable, reflexive and uniformly convex
Banach lattice space, we refer to [4].
The definition of the spaces Lq(.)(Rn) andWs,q(.),p(.,.)(Rn) is analogous to Lq(.)(Ω)
and W s,q(.),p(.,.)(Ω); one just changes every occurrence of Ω by Rn. We refer to
[1, 2, 3, 4, 14].
In the sequel, we define the fractional variable exponent Sobolev zero trace
spaces in a proper open subset Ω of Rn.
Definition 1.1. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). The fractional
Sobolev space W
s,q(.),p(.,.)
0 (Ω) is the closure of the set of W
s,q(.),p(.,.)(Ω)-functions
with compact support, i.e.{
u ∈ Ws,q(.),p(.,.)(Ω) : u = uχK for a compact K ⊂ Ω
}
.
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in Ws,q(.),p(.,.)(Ω).
A subspace I ofWs,q(.),p(.,.)(Ω) is called an ideal if for u ∈ I, v ∈ Ws,q(.),p(.,.)(Ω),
|v| 6 |u| a.e. implies that v ∈ I. A (real valued) function space is a lattice if
the point-wise minimum and maximum of any two of its elements belong to the
space. The closed lattice ideals of the Sobolev spaces Ws,q(.),p(.,.)(Ω) are those
subspaces which consist of all functions which vanish on a prescribed set. To be
precise, we have the following result:
Theorem 1.2. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Then the space
W
s,q(.),p(.,.)
0 (Ω) is a closed ideal in W
s,q(.),p(.,.)(Ω).
We denote by H
s,q(.),p(.,.)
0 (Ω) the closure of C
∞
0 (Ω) in W
s,q(.),p(.,.)(Ω). For s ∈
(0, 1), q ∈ P(Ω) and p ∈ P(Ω× Ω), we let
W˜s,q(.),p(.,.)(Ω) :=Ws,q(.),p(.,.)(Ω) ∩ Cc(Ω)
Ws,q(.),p(.,.)(Ω)
The following result shows that the spaces H
s,q(.),p(.,.)
0 (Ω), W˜
s,q(.),p(.,.)(Ω) and
W
s,q(.),p(.,.)
0 (Ω) may coincide.
Theorem 1.3. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Assume that
Ws,q(.),p(.,.)(Ω) ∩ C∞(Ω) is dense in Ws,q(.),p(.,.)(Ω). Then
H
s,q(.),p(.,.)
0 (Ω) =W
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
Now, we introduce the fractional Sobolev (s, q(.), p(., .))-capacity, in which the
capacity of a set is taken relative to a open subset. Let O ⊂ Ω be a relatively open
set, that is, open with respect to the relative topology of Ω. Let s ∈ (0, 1), q ∈
P(Ω) and p ∈ P(Ω× Ω). We denote
Rs,Ω
q(.),p(.,.)(O) :=
{
u ∈ W˜ s,q(.),p(.,.)(Ω) : u ≥ 1 a.e. on O
}
.
We define the fractional relative (s, q(.), p(., .))-capacity of O, with respect to Ω,
by
C
s,Ω
q(.),p(.,.)(O) := inf
u∈Rs,Ω
q(.),p(.,.)
(O)
ρ
s,Ω
q(.),p(.,.)(u).
For any set E ⊂ Ω,
C
s,Ω
q(.),p(.,.)(E) := inf
{
C
s,Ω
q(.),p(.,.)(O) : O relatively open in Ω containing E
}
.
Next, we give a characterization of H
s,q(.),p(.,.)
0 (Ω) and a necessary and suffi-
cient condition in terms of the (s, q(.), p(., .))-relative capacity for the equality
H
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω) to be true.
Theorem 1.4. Let Ω ⊂ Rn be an open set, s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω×Ω).
Then
H
s,q(.),p(.,.)
0 (Ω) =
{
u ∈ W˜s,q(.),p(.,.)(Ω) : u˜ = 0 (s, q(.), p(., .))-r.q.e. on ∂Ω
}
,
where u˜ denotes the (s, q(.), p(., .))-relatively quasicontinuous representative of u.
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Corollary 1.5. Let Ω ⊂ Rn be open. Then the following assertions are equiva-
lent.
(1) Cs,Ω
q(.),p(.,.)(∂Ω) = 0;
(2) H
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
A function u : Ω −→ R is said to be (s, q(.), p(., .))-relatively quasicontinuous
((s, q(.), p(., .))-r.q.c., for short) if for every ε > 0, there exists a relatively open
set Oε ⊂ Ω such that C
s,Ω
q(.),p(.,.)(Oε) < ε and u is continuous on Ω \ Oε. Now,
we gives another definition for fractional variable exponents Sobolev zero trace
spaces W˜
s,q(.),p(.,.)
0 (Ω) in view of potential theory.
Definition 1.6. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). We denote
u ∈ W˜
s,q(.),p(.,.)
0 (Ω) and say that u belongs to the fractional variable exponents
Sobolev zero trace spaces W˜
s,q(.),p(.,.)
0 (Ω) if there exists a (s, q(.), p(., .))-relatively
quasicontinuous function u˜ ∈ W˜s,q(.),p(.,.)(Ω) such that u˜ = u a.e. in Ω and u˜ = 0
(s, q(.), p(., .))-r.q.e. in Ωc.
It is important to see the connections between all of the previous spaces. In
fact under the density assumption they coincides. More precisely, we have the
following theorem:
Theorem 1.7. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Assume that
Ws,q(.),p(.,.)(Ω) ∩ C∞(Ω) is dense in Ws,q(.),p(.,.)(Ω). Then
H
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω) =W
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
It is natural to ask for which a subsets N of Ω are removable for the Sobolev
space W˜
s,q(.),p(.,.)
0 (Ω).
Definition 1.8. Let Ω ⊂ Rn be an open set. We call a subset N of Ω is removable
for W˜
s,q(.),p(.,.)
0 (Ω) if
W˜
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω \N).
The next theorem gives a relative capacity criterium for removable subsets for
W˜
s,q(.),p(.,.)
0 (Ω).
Theorem 1.9. Let N be a subset of Ω. Then the following assertions are equiv-
alent.
(1) Cs,Ω
q(.),p(.,.)(N ∩ Ω) = 0;
(2) W˜
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω \N).
We now give the structure of the paper. More detailed descriptions appear at
the beginnings of the sections.
Section 2 gives sufficient conditions for the existence of a (s, q(.), p(., .))-relatively
quasicontinuous representative for functions in W˜s,q(.),p(.,.)(Ω).
Section 3 modulo the technical results of Section 2 develop a theory of frac-
tional variable exponents Sobolev trace spaces and gives a necessary and suffi-
cient condition in terms of (s, q(.), p(., .))-relative capacity of removable subsets
for W˜
s,q(.),p(.,.)
0 (Ω).
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2. (s, q(.), p(., .))-quasicontinuous representative of equivalence class of
Sobolev functions
Sobolev functions are defined only up to Lebesgue measure zero and thus it is
not always clear how to use their point-wise properties. But one can also think of
some representative of this equivalence class, perhaps defined at all points outside
a set of measure zero.
In this section, we show that the equivalent class of Sobolev functions in
W˜s,q(.),p(.,.)(Ω) are (s, q(.), p(., .))-relatively quasicontinuous, it turns out that Sobolev
functions are defined up to a set of (s, q(.), p(., .))-relative capacity zero. This is
a concept with deep roots when we want to study fractional variable exponents
spaces with zero boundary values.
We begin by recalling some proprieties of the fractional Sobolev (s, q(.), p(., .))-
capacity appearing in the existing literature, we refer to [4, 23].
First, we recall the definition of the fractional relative (s, q(.), p(., .))-capacity.
Let O ⊂ Ω be a relatively open set, that is, open with respect to the relative
topology of Ω. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω× Ω). We denote
Rs,Ω
q(.),p(.,.)(O) :=
{
u ∈ W˜s,q(.),p(.,.)(Ω) : u ≥ 1 a.e. on O
}
.
We define the fractional relative (s, q(.), p(., .))-capacity of O, with respect to Ω,
by
C
s,Ω
q(.),p(.,.)(O) := inf
u∈Rs,Ω
q(.),p(.,.)
(O)
ρ
s,Ω
q(.),p(.,.)(u).
For any set E ⊂ Ω,
C
s,Ω
q(.),p(.,.)(E) := inf
{
C
s,Ω
q(.),p(.,.)(O) : O relatively open in Ω containing E
}
.
Recall from [4] that the set function E 7→ Cs,Ω
q(.),p(.,.) has the following properties:
• (C1) C
s,Ω
q(.),p(.,.)(∅) = 0;
• (C2) If E1 ⊂ E2 ⊂ Ω2 ⊂ Ω1, then
C
s,Ω1
q(.),p(.,.)(E1) 6 C
s,Ω2
q(.),p(.,.)(E2);
• (C3) If K1 ⊃ K2 ⊃ K3 . . . are compact subsets of Ω, then
C
s,Ω
q(.),p(.,.)
(
∞⋂
i=1
Ki
)
= lim
i→∞
C
s,Ω
q(.),p(.,.)(Ki);
• (C4) If E1 ⊂ E2 . . . are subsets of Ω, then
C
s,Ω
q(.),p(.,.)
(
∞⋃
i=1
Ei
)
= lim
i→∞
C
s,Ω
q(.),p(.,.)(Ei);
• (C5) For Ei ⊂ Ω, i ∈ N, we have
C
s,Ω
q(.),p(.,.)
(
∞⋃
i=1
Ei
)
6
∞∑
i=1
C
s,Ω
q(.),p(.,.)(Ei).
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This means that the fractional relative (s, q(.), p(., .))-capacity Cs,Ω
q(.),p(.,.) is an outer
measure and a Choquet capacity.
Next, we shows that the fractional relative (s, q(.), p(., .))-capacity is strongly
subadditive. Let us beginning by the following useful lemma.
Lemma 2.1. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω×Ω). Let u1, u2 ∈ W
s,q(.),p(.,.)(Ω)
be nonnegative. We set u := max {u1, u2} and v := min {u1, u2}. Then u, v ∈
Ws,q(.),p(.,.)(Ω) and
ρ
s,Ω
q(.),p(.,.)(u) + ρ
s,Ω
q(.),p(.,.)(v) 6 ρ
s,Ω
q(.),p(.,.)(u1) + ρ
s,Ω
q(.),p(.,.)(u2).
Proof. Let s, q, p, u1, u2, u and v be as in the statement of the lemma. By [4,
Proposition 2 ], we have that u, v ∈ Ws,q(.),p(.,.)(Ω). Let
Ω1 := {x ∈ Ω; u1(x) 6 u2(x)} and Ω2 := {x ∈ Ω; u1(x) > u2(x)} .
Then ∫
Ω
|u(x)|q(x) dx =
∫
Ω1
|u2(x)|
q(x)
dx+
∫
Ω2
|u1(x)|
q(x)
dx
and ∫
Ω
|v(x)|q(x) dx =
∫
Ω1
|u1(x)|
q(x)
dx+
∫
Ω2
|u2(x)|
q(x)
dx
Hence∫
Ω
|u(x)|q(x) dx+
∫
Ω
|v(x)|q(x) dx =
∫
Ω
|u1(x)|
q(x)
dx+
∫
Ω
|u2(x)|
q(x)
dx.
On the other hand,∫
Ω
∫
Ω
|u(x)− u(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy =
∫
Ω1
∫
Ω1
|u2(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω1
∫
Ω2
|u1(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
Ω2
∫
Ω1
|u2(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω2
∫
Ω2
|u1(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
and ∫
Ω
∫
Ω
|v(x)− v(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy =
∫
Ω1
∫
Ω1
|u1(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω1
∫
Ω2
|u2(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
Ω2
∫
Ω1
|u1(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω2
∫
Ω2
|u2(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy.
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Hence ∫
Ω
∫
Ω
|u(x)− u(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
Ω
∫
Ω
|v(x)− v(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy =
∫
Ω2
∫
Ω2
|u1(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
Ω1
∫
Ω1
|u1(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω2
∫
Ω1
|u2(x)− u1(y)|
p(x,y) + |u1(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω1
∫
Ω1
|u2(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
Ω2
∫
Ω2
|u2(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω1
∫
Ω2
|u1(x)− u2(y)|
p(x,y) + |u2(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
Now, by using [22, Lemma 3.3] with the mapping F : R2 −→ [0,+∞) defined
by Fp(x,y)(ζ, β) = |ζ − β|
p(x,y), we get that
|u2(x)− u1(y)|
p(x,y)+|u1(x)− u2(y)|
p(x,y)
6 |u1(x)− u1(y)|
p(x,y)+|u2(x)− u2(y)|
p(x,y)
on Ω1 × Ω2 := {(x, y) ∈ Ω× Ω, x ∈ Ω1, y ∈ Ω2} and
|u1(x)− u2(y)|
p(x,y)+|u2(x)− u1(y)|
p(x,y)
6 |u1(x)− u1(y)|
p(x,y)+|u2(x)− u2(y)|
p(x,y)
on Ω2 × Ω1 := {(x, y) ∈ Ω× Ω, x ∈ Ω2, y ∈ Ω1}. Hence∫
Ω
∫
Ω
|u(x)− u(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
Ω
∫
Ω
|v(x)− v(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy
6
∫
Ω
∫
Ω
|u1(x)− u1(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
Ω
∫
Ω
|u2(x)− u2(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
and∫
Ω
|u(x)|q(x) dx+
∫
Ω
|v(x)|q(x) dx =
∫
Ω
|u1(x)|
q(x)
dx+
∫
Ω
|u2(x)|
q(x)
dx.
Consequently, we get that
ρ
s,Ω
q(.),p(.,.)(u) + ρ
s,Ω
q(.),p(.,.)(v) 6 ρ
s,Ω
q(.),p(.,.)(u1) + ρ
s,Ω
q(.),p(.,.)(u2).

We notice that Lemma 2.1 remain true if one replaces Ws,q(.),p(.,.)(Ω) with the
space W˜s,q(.),p(.,.)(Ω).
Proposition 2.2. The fractional relative (s, q(.), p(., .))-capacity is strongly sub-
additive, that is, for all A,B ⊂ Ω,
C
s,Ω
q(.),p(.,.)(A ∪B) + C
s,Ω
q(.),p(.,.)(A ∩B) 6 C
s,Ω
q(.),p(.,.)(A) + C
s,Ω
q(.),p(.,.)(B).
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Proof. Let A and B be two subsets of Ω. Let ε > 0, u1 ∈ R
s,Ω
q(.),p(.,.)(A) and
u2 ∈ R
s,Ω
q(.),p(.,.)(B) such that
ρ
s,Ω
q(.),p(.,.)(u1) 6 C
s,Ω
q(.),p(.,.)(A) +
ε
2
and
ρ
s,Ω
q(.),p(.,.)(u2) 6 C
s,Ω
q(.),p(.,.)(B) +
ε
2
.
By Lemma 2.1, we have that max {u1, u2} and min {u1, u2} are in W˜
s,q(.),p(.,.)(Ω)
and
ρ
s,Ω
q(.),p(.,.)(max {u1, u2}) + ρ
s,Ω
q(.),p(.,.)(min {u1, u2}) 6 ρ
s,Ω
q(.),p(.,.)(u1) + ρ
s,Ω
q(.),p(.,.)(u2).
Since max {u1, u2} ∈ R
s,Ω
q(.),p(.,.)(A ∪ B) and min {u1, u2} ∈ R
s,Ω
q(.),p(.,.)(A ∩ B), it
follows that,
C
s,Ω
q(.),p(.,.)(A ∪ B) + C
s,Ω
q(.),p(.,.)(A ∩B) 6 ρ
s,Ω
q(.),p(.,.)(u1) + ρ
s,Ω
q(.),p(.,.)(u2)
6 C
s,Ω
q(.),p(.,.)(A) + C
s,Ω
q(.),p(.,.)(B) + ε,
which yields the claim, as ε tend to zero. 
Definition 2.3.
A set P ⊂ Ω is called (s, q(.), p(., .))-relatively polar if Cs,Ω
q(.),p(.,.)(P ) = 0.
We say that a property holds on a set A ⊂ Ω (s, q(.), p(., .))-relatively quasi ev-
erywhere ((s, q(.), p(., .))-r.q.e., for short) if there exists a (s, q(.), p(., .))-relatively
polar set P ⊂ A such that the property holds everywhere on A \ P .
By definitionWs,q(.),p(.,.)(Ω)∩ Cc(Ω) is dense in W˜
s,q(.),p(.,.)(Ω) which is complete
Banach space. The next result gives a way to find a (s, q(.), p(., .))-relatively quasi
everywhere converging subsequence.
Theorem 2.4. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). For each Cauchy
sequence with respect to the Ws,q(.),p(.,.)(Ω)-norm of functions in W˜s,q(.),p(.,.)(Ω)
there exists a subsequence which converges (s, q(.), p(., .))-r.q.e. in Ω. Moreover,
the convergence is uniform outside a set of arbitrary small relative (s, q(.), p(., .))-
capacity.
Proof. Let (ui) be a Cauchy sequence in W˜
s,q(.),p(.,.)(Ω). Without loss of generality,
we denote again by (ui) the subsequence of (ui) such that
‖ui+1 − ui‖Ws,q(.),p(.,.)(Ω) ≤
1
8i
, i ∈ N.
Put
Gi :=
{
x ∈ Ω : |ui+1(x)− ui(x)| >
1
2i
, i ∈ N
}
and
Gk :=
∞⋃
i=k
Gi.
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HenceGi is an open set in Ω and 2
i |ui+1(x)− ui(x)| > 1 onGi. SinceW
s,q(.),p(.,.)(Ω)
is a Banach lattice, we deduce that W˜s,q(.),p(.,.)(Ω) is also a Banach lattice. There-
fore,
2i |ui+1(x)− ui(x)| ∈ W˜
s,q(.),p(.,.)(Ω) and
∥∥2i |ui+1(x)− ui(x)|∥∥Ws,q(.),p(.,.)(Ω) 6 14i 6 1.
By the unit ball property ([9, Lemma 2.1.14]), we get that
ρ
s,Ω
q(.),p(.,.)(2
i |ui+1(x)− ui(x)|) 6 2
i ‖ui+1 − ui‖Ws,q(.),p(.,.)(Ω) 6
1
4i
.
Consequently
C
s,Ω
q(.),p(.,.)(Gi) 6
1
4i
.
By property (C5) of the fractional relative (s, q(.), p(., .))-capacity, we obtain that
C
s,Ω
q(.),p(.,.)(Gk) = C
s,Ω
q(.),p(.,.)(∪
∞
i=kGi)
6
∞∑
i=k
C
s,Ω
q(.),p(.,.)(Gi)
6
∞∑
i=k
1
4i
=
1
4k−1
.
Hence
C
s,Ω
q(.),p(.,.)(∩
∞
k=1Gk) = C
s,Ω
q(.),p(.,.)(∩
∞
k=1 ∪
∞
i=k Gi)
6 lim
k→∞
C
s,Ω
q(.),p(.,.)(∪
∞
i=kGi)
6 lim
k→∞
1
4k−1
= 0.
Thus
C
s,Ω
q(.),p(.,.)(∩
∞
k=1Gk) = 0.
Consequently ∩∞k=1 ∪
∞
i=k Gi is a (s, q(.), p(., .))-relatively polar set. Moreover ui
converges pointwise in Ω \ ∩∞k=1 ∪
∞
i=k Gi. Since |ui+1(x)− ui(x)| 6
1
2i
in Ω \
∩∞k=1∪
∞
i=kGi for all i ≥ k, we have that (ui) is a sequence of continuous functions
on Ω which converges uniformly in Ω \Gk. 
In the following we give sufficient conditions for the existence of a (s, q(.), p(., .))-
relatively quasicontinuous representative for functions in W˜s,q(.),p(.,.)(Ω).
Definition 2.5.
A function u : Ω −→ R is said to be (s, q(.), p(., .))-relatively quasicontinuous
((s, q(.), p(., .))-r.q.c., for short) if for every ε > 0, there exists a relatively open
set Oε ⊂ Ω such that C
s,Ω
q(.),p(.,.)(Oε) < ε and u is continuous on Ω \Oε.
Theorem 2.6. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Then for every u ∈
W˜s,q(.),p(.,.)(Ω), there exists a unique (up to a p(.)-relative polar set) (s, q(.), p(., .))-
r.q.c. function u˜ : Ω −→ R such that u˜ = u a.e. in Ω.
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Proof. Let u ∈ W˜s,q(.),p(.,.)(Ω). There exists a sequence Ws,q(.),p(.,.)(Ω) ∩ Cc(Ω)
such that ui −→ u in W
s,q(.),p(.,.)(Ω). By Theorem 2.4 there exists a subsequence
which converges (s, q(.), p(., .))-r.q.e. in Ω and uniformly outside a (s, q(.), p(., .))-
relative polar set. Let u˜ −→ ui be the point-wise limit of (ui). By the uniform
convergence we get that u˜ : Ω −→ R is (s, q(.), p(., .))-r.q.c. u˜ = u a.e. in Ω.
For the uniqueness, we assume that there exists another v˜ (s, q(.), p(., .))-r.q.c.
in Ω such that v˜ = u a.e. in Ω. Hence u˜ − v˜ = 0 a.e. in Ω and u˜ − v˜ = 0 is
(s, q(.), p(., .))-r.q.c. in Ω. 
Corollary 2.7. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Let (ui) be a
sequence of (s, q(.), p(., .))-r.q.c. functions in W˜s,q(.),p(.,.)(Ω) which converges to
a p(.)-r.q.c. function u ∈ W˜s,q(.),p(.,.)(Ω). Then there exists a subsequence which
converges p(.)-r.q.e. to u on Ω.
Proof. Let (uik) be a subsequence of (ui) such that
∞∑
k=1
2ik ‖uik − u‖Ws,q(.),p(.,.)(Ω) ≤ 1.
Put
P := ∩∞j=1 ∪
∞
k=j Gk,
where
Gk :=
{
x ∈ Ω : |uik(x)− u(x)| >
1
2ik
.
}
.
There exists j0 ∈ N such that
|uik(x)− u(x)| 6
1
2ik
, ∀ k ≥ j0.
Hence uik(x) converges uniformly in Ω \ ∪
∞
k=j0
Gk and everywhere in Ω \ P . By
the same way in the proof of Theorem 2.4 we get that
C
s,Ω
q(.),p(.,.)(P ) = 0.
Hence P is (s, q(.), p(., .))-relatively polar set and the proof is finished. 
The following result shows that two (s, q(.), p(., .))-relatively quasicontinuous
representative for functions in W˜s,q(.),p(.,.)(Ω) given by Theorem 2.6 that agree
almost everywhere coincide in fact (s, q(.), p(., .))-relatively quasieverywhere. For
the proof we refer to Kilpela¨inen [15] which is stated in metric measure spaces.
Theorem 2.8. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Assume that u
and v are (s, q(.), p(., .))-relatively quasicontinuous representative for functions in
W˜s,q(.),p(.,.)(Ω). If u = v a.e. in Ω, then u = v (s, q(.), p(., .))-r.q.e in Ω.
12 MOHAMED BERGHOUT
3. Fractional Variable exposent Sobolev trace spaces
We now turn our attention in the question of traces of Sobolev functions on the
boundary of the set of definition. This problem is more delicate than the interior
one since under some regularity assumptions on the variable exponents q and p it
is possible to approximate a Sobolev function in the space Ws,q(.),p(.,.) by smooth
function; see [1], the same is not true up to the boundary.
Recall that if (A, ‖.‖A) is a Banach space of measurable functions on R
n and
E ⊂ Rn is a measurable set of positive Lebesgue measure, then A|E is the trace
space defined as
A|E :=
{
f : E → R ; there exists F ∈ A such that F|E = f a.e.
}
.
This space is equipped with the norm
‖f‖A|E = inf
{
‖F‖A : F ∈ A , F|E = f a.e.
}
.
Denoting the trace operator by T F = F|E. If Ω is a smooth open set of R
n, then
the characterization of traces is well known. The theorems of Baalal-Berghout
[2, Theorem 2.1 and Theorem 3.1 ], states that if Ω ⊂ Rn is a Lipschitz domain,
and under some assumptions on the variable exponents q and p, then there exist
trace and extension operators
T :Ws,q(.),p(.,.)(Rn) −→Ws,q(.),p(.,.)(Ω), (3.1)
E :Ws,q(.),p(.,.)(Ω) −→Ws,q(.),p(.,.)(Rn). (3.2)
Moreover, we have the following characterization:
Ws,q(.),p(.,.)(Rn) = ker T ⊕ E(Ws,q(.),p(.,.)(Ω)).
Hence operators (3.1) and (3.2) characterizes traces on Ω of functions inWs,q(.),p(.,.)(Rn).
For further results on variable exponent Sobolev trace spaces, see [6, 7, 8, 10, 11,
12, 13]; se also [16].
In this section we study different definitions of fractional variable exponent
Sobolev zero trace spaces in a proper open subset Ω of Rn. First, note that if
u ∈ Ws,q(.),p(.,.)(Ω) with compact support in Ω. Then u is vanish on ∂Ω. Indeed,
let u ∈ Ws,q(.),p(.,.)(Ω) and let ψ ∈ C∞0 (Ω) be such that ψ = 1 on the support of u.
If a sequence ψj converges to u in W
s,q(.),p(.,.)(Ω), then ψψj converges to ψu = u
in Ws,q(.),p(.,.)(Ω).
Definition 3.1. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). The fractional
Sobolev space W
s,q(.),p(.,.)
0 (Ω) is the closure of the set of W
s,q(.),p(.,.)(Ω)-functions
with compact support, i.e.{
u ∈ Ws,q(.),p(.,.)(Ω) : u = uχK for a compact K ⊂ Ω
}
.
in Ws,q(.),p(.,.)(Ω).
Let us looking W
s,q(.),p(.,.)
0 (Ω) as an ideal of W
s,q(.),p(.,.)(Ω). The closed lattice
ideals of the Sobolev spacesWs,q(.),p(.,.)(Ω) are those subspaces which consist of all
functions which vanish on a prescribed set. To be precise, we have the following
result:
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Theorem 3.2. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Then the space
W
s,q(.),p(.,.)
0 (Ω) is a closed ideal in W
s,q(.),p(.,.)(Ω).
Proof. It is clear thatW
s,q(.),p(.,.)
0 (Ω) is a closed Banach subspace ofW
s,q(.),p(.,.)(Ω).
Let u ∈ W
s,q(.),p(.,.)
0 (Ω), v ∈ W
s,q(.),p(.,.)(Ω), 0 6 |v| 6 |u| a.e. Let ϕn ∈ C
∞
0 (Ω)
such that ϕn converges to u in W
s,q(.),p(.,.)
0 (Ω). Then vn := min {v, ϕn, } has com-
pact support and belongs to Ws,q(.),p(.,.)(Ω). Thus vn ∈ W
s,q(.),p(.,.)
0 (Ω). Moreover,
since vn −→ min {v, u} = v inW
s,q(.),p(.,.)(Ω), we have that v ∈ W
s,q(.),p(.,.)
0 (Ω). 
We denote by H
s,q(.),p(.,.)
0 (Ω) the closure of C
∞
0 (Ω) inW
s,q(.),p(.,.)(Ω). Recall that
W˜s,q(.),p(.,.)(Ω) is the closure ofWs,q(.),p(.,.)(Ω)∩ Cc(Ω) in the space W
s,q(.),p(.,.)(Ω).
It easy to show that W˜s,q(.),p(.,.)(Ω) is a proper closed subspace of Ws,q(.),p(.,.)(Ω),
and hence it is a separable, reflexive and uniformly convex Banach space.
By definition, H
s,q(.),p(.,.)
0 (Ω) is the smaller closed subspace of W
s,q(.),p(.,.)(Ω)
containing C∞0 (Ω). Moreover, W˜
s,q(.),p(.,.)(Ω) contains H
s,q(.),p(.,.)
0 (Ω) as a closed
subspace. Hence H
s,q(.),p(.,.)
0 (Ω) is a Banach space and we have the following
inclusion:
H
s,q(.),p(.,.)
0 (Ω) ⊂ W
s,q(.),p(.,.)
0 (Ω) ⊂ W
s,q(.),p(.,.)(Ω).
The following theorem shows that the spaces H
s,q(.),p(.,.)
0 (Ω), W˜
s,q(.),p(.,.)(Ω) and
W
s,q(.),p(.,.)
0 (Ω) may coincide if smooth functions are dense in the fractional Sobolev
space Ws,q(.),p(.,.)(Ω).
Theorem 3.3. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Assume that
Ws,q(.),p(.,.)(Ω) ∩ C∞(Ω) is dense in Ws,q(.),p(.,.)(Ω). Then
H
s,q(.),p(.,.)
0 (Ω) =W
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
Proof. First, it is clear that if Ws,q(.),p(.,.)(Ω) ∩ C∞(Ω) is dense in Ws,q(.),p(.,.)(Ω)
then W
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω). Next, we show that
H
s,q(.),p(.,.)
0 (Ω) =W
s,q(.),p(.,.)
0 (Ω).
Clearly H
s,q(.),p(.,.)
0 (Ω) ⊂ W
s,q(.),p(.,.)
0 (Ω). To show the other inclusion, let u ∈
Ws,q(.),p(.,.)(Ω) and K be a compact subset of Ω such that u = uχK almost every-
where. Let ϕ ∈ C∞0 (Ω) be such that 0 6 ϕ 6 1 and ϕ = 1 in K. There exists a
sequence (ui) ⊂ W
s,q(.),p(.,.)(Ω) ∩ C∞(Ω) converging to u in W
s,q(.),p(.,.)
0 (Ω) and
‖u− ϕui‖Ws,q(.),p(.,.)(Ω) ≤ ‖u− ui‖Ws,q(.),p(.,.)(Ω) + ‖ui − ϕui‖Ws,q(.),p(.,.)(Ω)
≤ ‖u− ui‖Ws,q(.),p(.,.)(Ω) + ‖ui − ϕui‖Ws,q(.),p(.,.)(K)
+ ‖ui − ϕui‖Ws,q(.),p(.,.)(Ω\K) .
Since ui converge to u as i tends to infinity and ϕ = 1 in K. We get that
‖u− ϕui‖Ws,q(.),p(.,.)(Ω) ≤ ‖u− ui‖Ws,q(.),p(.,.)(Ω) + ‖ui − ϕui‖Ws,q(.),p(.,.)(Ω)
≤ ‖u− ui‖Ws,q(.),p(.,.)(Ω) + ‖ui − ϕui‖Ws,q(.),p(.,.)(K)
+ ‖ui − ϕui‖Ws,q(.),p(.,.)(Ω\K) .
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Now,by definition of W
s,q(.),p(.,.)
0 (Ω) for each function u ∈ W
s,q(.),p(.,.)
0 (Ω), we find
a sequence in C∞0 (Ω) converging to u. Hence ‖u− ϕui‖Ws,q(.),p(.,.)(Ω) −→ 0 as i
tends to infinity. Therefore ϕui converges to u in W
s,q(.),p(.,.)(Ω) as i tends to
infinity. Thus we obtain W
s,q(.),p(.,.)
0 (Ω) ⊂ H
s,q(.),p(.,.)
0 (Ω). 
In connection with the density problem for smooth function, we introduce the
most important condition on the exponent in the study of variable exponent
spaces, the well-known log-Ho¨lder continuity condition introduced by Zhikov in
[24]. We say that a function q : Ω → R is log-Ho¨lder continuous on Ω if there
exists C > 0 such that
|q(x)− q(y)| 6
C
− log |x− y|
, |x− y| 6
1
2
.
In [1] Baalal and Berghout generalize this log-Ho¨lder continuity condition for
variable exponent p ∈ P(Ω× Ω). We say that a function p : Ω×Ω→ R satisfies
condition (B-B) on Ω× Ω if there exists C > 0 such that∣∣∣p(x, y)− p(x′, y′)∣∣∣ 6 C
− log(|x− x′ |+ |y − y′|)
,
∣∣∣x− x′∣∣∣+ ∣∣∣y − y′∣∣∣ 6 1
2
.
We define the following class of variable exponents
P log(Ω) := {q : Ω→ R : q is measurable and log-Ho¨lder continuous }
and
P log(Ω× Ω) := {p : Ω× Ω→ R : p is measurable and satisfies condition (B-B)} .
We say that Ω ⊂ Rn is aWs,q(.),p(.,.)-extension domain if there exists a continuous
linear extension operator
E :Ws,q(.),p(.,.)(Ω) −→ Ws,q(.),p(.,.)(Rn)
such that Eu|Ω = u for each u ∈ W
s,q(.),p(.,.)(Ω). A typical example ofWs,q(.),p(.,.)-
extension domain is domains with Lipschitz boundary; see [2].
Combining the Theorem 3.3 and [1, Theorem 3.3], we obtain the following
corollary.
Corollary 3.4. Let s ∈ (0, 1), q ∈ P log(Ω) and p ∈ P log(Ω× Ω). Assume that Ω
is a Ws,q(.),p(.,.)(Ω)-extension domain. Then
H
s,q(.),p(.,.)
0 (Ω) =W
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
Notice that by previous study the class of smooth functions either can be
(Theorem 3.3 and Corollary 3.4) or does not have to be dense in Ws,q(.),p(.,.)(Ω)
depending on the variable exponents q and p. Hence the closure of C∞0 (Ω) un-
der the fractional Sobolev norm is not a best way to define fractional variable
exponents Sobolev zero trace spaces in every case.
In view of potential theory (Theorem 2.6) a Sobolev function u in W˜s,q(.),p(.,.)(Ω)
has a distinguished representative which is defined up to a set of (s, q(.), p(., .))-
relative capacity zero. Therefore it is possible to look at traces of Sobolev
functions on the boundary of the set of definition. Moreover, if E ⊂ Rn with
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C
s,Ω
q(.),p(.,.)(E) > 0, then the trace of u toE is the restriction to E of any (s, q(.), p(., .))-
relatively quasicontinuous representative of u.
In the sequel, we give a characterization of H
s,q(.),p(.,.)
0 (Ω) and a necessary and
sufficient condition in term of the (s, q(.), p(., .))-relative capacity for the equality
H
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω) to be true. Let us beginning by the following
lemma.
Lemma 3.5. Let Ω ⊂ Rn be a bounded open set and u ∈ W˜s,q(.),p(.,.)(Ω). Let u˜
be the (s, q(.), p(., .))-relatively quasicontinuous representative of u. Assume that
limΩ∋x−→z u˜(x) = 0 for all z ∈ ∂Ω. Then u ∈ H
s,q(.),p(.,.)
0 (Ω).
Proof. Let u ∈ W˜s,q(.),p(.,.)(Ω). Recalling that u = u+ + u−, then without lost
of generality, we can assume that u is nonnegative. Let u˜ be the (s, q(.), p(., .))-
relatively quasicontinuous representative of u with limΩ∋x−→z u˜(x) = 0 for all
z ∈ ∂Ω. Then
(∀z ∈ ∂Ω)(∃ε > 0) : 0 ≤ u˜(x) ≤
1
2i
,
for all x ∈ B(z, ε) ∩ Ω and i ∈ N.
Since ∂Ω is compact, there exist z1, . . . , zj ∈ ∂Ω such that
∂Ω ⊂
j⋃
i=1
B(zi, εzi).
By [4, Lemma 2 ], ui := (u −
1
2i
)+ ∈ W˜s,q(.),p(.,.)(Ω). Moreover, ui = 0 out-
side Ω \
⋃j
i=1B(zi, εzi). Hence ui ∈ H
s,q(.),p(.,.)
0 (Ω). Since ui converges to u in
Ws,q(.),p(.,.)(Ω) as i tends to infinity, we deduce that u ∈ H
s,q(.),p(.,.)
0 (Ω). 
Notice that for a measurable set A ⊂ Ω, the set
KA :=
{
u ∈ W˜s,q(.),p(.,.)(Ω) : u ≥ 1 a.e. on A
}
is a non-empty, closed convex subset of the uniform convex Banach space W˜s,q(.),p(.,.)(Ω).
Hence, we deduce that there exist a unique admissible function EA in KA such
that
C
s,Ω
q(.),p(.,.)(A) = ρ
s,Ω
q(.),p(.,.)(EA).
This fact motivate the following definition.
Definition 3.6. Let A ⊂ Ω be a measurable set. A function EA ∈ W˜
s,q(.),p(.,.)(Ω)
is called a relative (s, q(.), p(., .))-equilibrium potential of A if the following prop-
erties hold.
(1) 0 6 EA 6 1 a.e. on Ω ;
(2) E˜A = 1 (s, q(.), p(., .))-r.q.e. on A, where E˜A denotes the (s, q(.), p(., .))-
relatively quasicontinuous representative of EA;
(3) Cs,Ω
q(.),p(.,.)(A) = ρ
s,Ω
q(.),p(.,.)(EA).
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Theorem 3.7. Let Ω ⊂ Rn be a bounded open set, s ∈ (0, 1), q ∈ P(Ω) and
p ∈ P(Ω× Ω). We set
W(Ω) :=
{
u ∈ W˜s,q(.),p(.,.)(Ω) : u˜ = 0 (s, q(.), p(., .))-r.q.e. on ∂Ω
}
,
where u˜ denotes the (s, q(.), p(., .))-relatively quasicontinuous representative of u.
Then
W(Ω) ∩ L∞(Ω) ⊂ H
s,q(.),p(.,.)
0 (Ω).
Proof. Let u ∈ W(Ω) ∩L∞(Ω). Without lost of generality we can assume that u
be nonnegative. By definition of the space W˜s,q(.),p(.,.)(Ω), there exist a sequence
(ui) ⊂ W
s,q(.),p(.,.)(Ω) ∩ Cc(Ω) of nonnegative functions which converges to u ∈
W˜s,q(.),p(.,.)(Ω) as i tends to infinity. There is a subsequence of (ui), denoted
again by (ui) and an open set Gi ⊂ Ω such that C
s,Ω
q(.),p(.,.)(Gi) <
1
2i
and ui −→ u˜
uniformly on Ω\Gi, where u˜ denotes the (s, q(.), p(., .))-relatively quasicontinuous
representative of u. Therefore, there exists i0 ∈ N such that
|u− ui0| 6
1
2i
everywhere on Ω \Gi
and
‖u− ui0‖Ws,q(.),p(.,.)(Ω) 6
1
2i
.
Let Oi ⊂ Ω be an open set such that C
s,Ω
q(.),p(.,.)(Oi) <
1
2i
and u˜ = 0 everywhere on
∂Ω \Oi. Hence
|ui0 | 6
1
2i
everywhere on ∂Ω \ (Oi ∪Gi).
Let EOi∪Gi ∈ W˜
s,q(.),p(.,.)(Ω) be the relative (s, q(.), p(., .))-equilibrium potential
of Oi ∪ Gi, then EOi∪Gi is (s, q(.), p(., .))-relatively quasicontinuous, EOi∪Gi = 1
everywhere on Oi ∪ Gi and 0 6 EOi∪Gi 6 1 a.e. on Ω. We define the sequence
(vi) by
vi := wi(1− EOi∪Gi), where wi = max(0, ui0 −
1
2i
).
Next, we show that vi ∈ W˜
s,q(.),p(.,.)(Ω). By following the same outlines given
in [2, Lemma 2.3] and taking into account that wi, EOi∪Gi ∈ W
s,q(.),p(.,.)(Ω) ∩
L∞(Ω), we get that vi ∈ W
s,q(.),p(.,.)(Ω). Moreover, it is easy to see that vi can
be approximated in Ws,q(.),p(.,.)(Ω) by functions inWs,q(.),p(.,.)(Ω)∩ Cc(Ω). Hence,
vi ∈ W˜
s,q(.),p(.,.)(Ω). Now, let z ∈ ∂Ω and zj ∈ Ω be such that zj converge to z as
j tends to infinity. Next, we prove that limΩ∋x−→z vi(x) = 0 for all z ∈ ∂Ω.
If z ∈ ∂Ω \ (Oi ∪Gi), then vi(zj) = wi(zj)(1− EOi∪Gi(zj)). Thus,
0 6 vi(zj) 6 wi(zj) −→ wi(z) as j −→∞
and
wi(z) = max(0, ui0(z)−
1
2i
) −→ 0 as i −→∞.
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If z ∈ ∂Ω ∩ (Oi ∪ Gi), then there exist n0 ∈ N such that zj ∈ (Oi ∪ Gi) for all
i ≥ n0. Hence,
0 6 vi(zj) 6 wi(zj)(1− EOi∪Gi(zj)) = 0 for all i ≥ n0.
It follows that limΩ∋x−→z vi(x) = 0 for all z ∈ ∂Ω. By Lemma 3.5, we obtain
that vi ∈ H
s,q(.),p(.,.)
0 (Ω). To finish the proof, we claim that (vi) converges to u in
H
s,q(.),p(.,.)
0 (Ω). Indeed, we have that
‖u− vi‖Ws,q(.),p(.,.)(Ω) 6 ‖u− ui0‖Ws,q(.),p(.,.)(Ω) + ‖ui0 − wi‖Ws,q(.),p(.,.)(Ω)
+ ‖wi − vi‖Ws,q(.),p(.,.)(Ω)
6 ‖u− ui0‖Ws,q(.),p(.,.)(Ω) + ‖ui0 − wi‖Ws,q(.),p(.,.)(Ω)
+ ‖EOi∪Giwi‖Ws,q(.),p(.,.)(Ω)
6 ‖u− ui0‖Ws,q(.),p(.,.)(Ω) + ‖ui0 − wi‖Ws,q(.),p(.,.)(Ω)
+ ‖EOi∪Giwi‖Ws,q(.),p(.,.)(Oi∪Gi) + ‖EOi∪Giwi‖Ws,q(.),p(.,.)(Ω\Oi∪Gi)
6
1
2i
+
2max(|Ω|
1
q+ , |Ω|
1
q− )
2i
+
4max(|Ω|
1
q+ , |Ω|
1
q− )
2i
‖u‖∞ .
Hence, (vi) converges to u in H
s,q(.),p(.,.)
0 (Ω) as i tends to infinity. 
The following characterizations of the space H
s,q(.),p(.,.)
0 (Ω) suggest that we
have functions that are the fractional relative (s, q(.), p(., .))-capacity zero on the
boundary ∂Ω. More precisely, we can describe H
s,q(.),p(.,.)
0 (Ω) as a subspace of
W˜s,q(.),p(.,.)(Ω) in the following way:
Theorem 3.8. Let Ω ⊂ Rn be an open set, s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω×Ω).
Then
H
s,q(.),p(.,.)
0 (Ω) =
{
u ∈ W˜s,q(.),p(.,.)(Ω) : u˜ = 0 (s, q(.), p(., .))-r.q.e. on ∂Ω
}
,
where u˜ denotes the (s, q(.), p(., .))-relatively quasicontinuous representative of u.
Proof. We set
W(Ω) :=
{
u ∈ W˜s,q(.),p(.,.)(Ω) : u˜ = 0 (s, q(.), p(., .))-r.q.e. on ∂Ω
}
,
where u˜ denotes the (s, q(.), p(., .))-relatively quasicontinuous representative of
u. Let u ∈ H
s,q(.),p(.,.)
0 (Ω), then there exists a sequence (ui) ∈ C
∞
0 (Ω) such that
ui converges to u in W˜
s,q(.),p(.,.)(Ω) as i tends to infinity. By Corollary 2.7, there
exists a subsequence denotes again by ui which converges to u˜ (s, q(.), p(., .))-r.q.e.
on Ω. Hence, u˜ = 0 (s, q(.), p(., .))-r.q.e. on ∂Ω, that is, u ∈ W(Ω). Hence
H
s,q(.),p(.,.)
0 (Ω) ⊂ W(Ω).
We claim the converse inclusion. First, assume that Ω is bounded and u ∈
W(Ω) ∩ L∞(Ω), then by Theorem 3.7, we get that
W(Ω) ∩ L∞(Ω) ⊂ H
s,q(.),p(.,.)
0 (Ω).
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Now, if u ∈ W(Ω) is unbounded, then, for i ∈ N, ui := max {min(u, i),−i} ∈
W(Ω)∩L∞(Ω). Next, we claim that (ui) converges to u inW
s,q(.),p(.,.)(Ω). Indeed,
let u ∈ Ws,q(.),p(.,.)(Ω) and for i ∈ N, ui := max {min(u, i),−i}. Then
ui(x) =


i on D1,
u on D2,
−i on D3,
where
D1 := {x ∈ Ω, u(x) ≥ i} , D2 := {x ∈ Ω,−i < u(x) < i}
and
D3 := {x ∈ Ω, u(x) 6 −i} .
We have that ui −→ u a.e. in Ω and |ui(x)|
q(x)
6 |u(x)|q(x) ∈ L1(Ω). By
the Lebesgue dominated convergence theorem, we get that ui ∈ L
q(.)(Ω) and
converges to u in Lq(.)(Ω). Moreover,∫
Ω
∫
Ω
|(ui − u)(x)− (ui − u)(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy =
∫
D1
∫
D1
|u(x)− u(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
D1
∫
D2
|i− u(x)|p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
D1
∫
D3
|2i+ u(y)− u(x)|p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
D2
∫
D1
|u(y)− i|p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
D2
∫
D3
|i+ u(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
D3
∫
D1
|−2i+ u(y)− u(x)|p(x,y)
|x− y|n+sp(x,y)
dx dy +
∫
D3
∫
D2
|i+ u(x)|p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
D3
∫
D3
|u(y)− u(x)|p(x,y)
|x− y|n+sp(x,y)
dx dy.
Hence ui ∈ W
s,q(.),p(.,.)(Ω). Moreover, applying the Lebesgue dominated conver-
gence theorem to each term in the right hand side of the last equality, we get
that ∫
Ω
∫
Ω
|(ui − u)(x)− (ui − u)(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy −→ 0 as i −→∞.
Hence ui converges to u in W
s,q(.),p(.,.)(Ω) and ui ∈ H
s,q(.),p(.,.)
0 (Ω). Now, by The-
orem 3.7, we have that u ∈ H
s,q(.),p(.,.)
0 (Ω). Finally, if Ω is unbounded then we
choose ϕ ∈ C∞0 (B(0, r)) such that ϕ = 1 on B(0, r). For u ∈ W(Ω) and i ∈ N
∗,
we set ui(x) := ϕ(i
−1x)u(x). Then
ui ∈ W(Ω ∩ B(0, i)) ⊂ H
s,q(.),p(.,.)
0 (Ω ∩ B(0, i)) ⊂ H
s,q(.),p(.,.)
0 (Ω).
Since ui converges to u in W
s,q(.),p(.,.)(Ω) as i tends to infinity, we get that
W ⊂ H
s,q(.),p(.,.)
0 (Ω).

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The following corollary gives a necessary and sufficient condition in term of the
(s, q(.), p(., .))-relative capacity for the equality W˜
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
Corollary 3.9. Let Ω ⊂ Rn be open. Then the following assertions are equiva-
lent.
(1) Cs,Ω
q(.),p(.,.)(∂Ω) = 0;
(2) H
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
The following definition for another fractional variable exponent Sobolev zero
trace spaces W˜
s,q(.),p(.,.)
0 (Ω) uses the (s, q(.), p(., .))-relatively quasicontinuous rep-
resentative.
Definition 3.10. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). We denote
u ∈ W˜
s,q(.),p(.,.)
0 (Ω) and say that u belongs to the fractional variable exponent
Sobolev zero trace spaces W˜
s,q(.),p(.,.)
0 (Ω) if there exists a (s, q(.), p(., .))-relatively
quasicontinuous function u˜ ∈ W˜s,q(.),p(.,.)(Ω) such that u˜ = u a.e. in Ω and u˜ = 0
(s, q(.), p(., .))-r.q.e. in Ωc.
The set W˜
s,q(.),p(.,.)
0 (Ω) is endowed with the norm
‖u‖
W˜
s,q(.),p(.,.)
0 (Ω)
= ‖u˜‖W˜s,q(.),p(.,.)(Ω) .
Observe that, from the definition of the fractional relative (s, q(.), p(., .))-capacity,
we deduce that every measurable set E ⊂ Ω satisfies |E| 6 Cs,Ω
q(.),p(.,.)(E). It follows
that, Cs,Ω
q(.),p(.,.)(E) = 0 implies that |E| = 0. Hence, the norm does not depend on
the choice of the (s, q(.), p(., .))-relatively quasicontinuous representative.
In contrast to H
s,q(.),p(.,.)
0 (Ω), the space W˜
s,q(.),p(.,.)
0 (Ω) has the following funda-
mental property:
Proposition 3.11. Let u ∈ W˜
s,q(.),p(.,.)
0 (Ω) and v ∈ W˜
s,q(.),p(.,.)(Ω) are bounded
functions. Assume that v is (s, q(.), p(., .))-relatively quasicontinuous. Then uv ∈
W˜
s,q(.),p(.,.)
0 (Ω).
Proof. Let u ∈ W˜
s,q(.),p(.,.)
0 (Ω) and v ∈ W˜
s,q(.),p(.,.)(Ω) are bounded functions. We
assume that v is (s, q(.), p(., .))-relatively quasicontinuous. Then uv ∈ W˜s,q(.),p(.,.)(Ω).
Let u˜ ∈ W˜s,q(.),p(.,.)(Ω) be the (s, q(.), p(., .))-relatively quasicontinuous represen-
tative of u. Then u˜v is (s, q(.), p(., .))-relatively quasicontinuous in Ω. We set
A := {x ∈ Ωc; u˜(x) 6= 0} and B := {x ∈ Ωc; v(x) =∞}. Then Cs,Ω
q(.),p(.,.)(A) = 0
and Cs,Ω
q(.),p(.,.)(B) = 0. By the strong subadditivity of the fractional relative
(s, q(.), p(., .))-capacity (Proposition 2.2), we get that Cs,Ω
q(.),p(.,.)(A∪B) = 0. Hence
u˜v = 0 (s, q(.), p(., .)) -q.e. in Ωc. Now, since u˜v = uv a.e. in Ω, we deduce that
uv ∈ W˜
s,q(.),p(.,.)
0 (Ω). 
The next theorem gives a functional analysis-type properties of Sobolev spaces
W˜
s,q(.),p(.,.)
0 (Ω).
Theorem 3.12. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω×Ω). Then W˜
s,q(.),p(.,.)
0 (Ω)
is a separable, reflexive and uniformly convex Banach lattice space.
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Proof. Let (ui) be a Cauchy sequence in W˜
s,q(.),p(.,.)
0 (Ω). Then for every i =
1, 2, . . . there is a (s, q(.), p(., .))-relatively quasicontinuous representative u˜i ∈
W˜s,q(.),p(.,.)(Ω) of u. Since W˜s,q(.),p(.,.)(Ω) is a closed subspace of a Banach space
Ws,q(.),p(.,.)(Ω), there is u ∈ W˜s,q(.),p(.,.)(Ω) such that u˜i converges to u in W˜
s,q(.),p(.,.)(Ω)
as i tends to infinity. According to Corollary 2.7, u is (s, q(.), p(., .))-relatively qua-
sicontinuous and there is a subsequence of (u˜i) which converges to u (s, q(.), p(., .))-
r.q.e in W˜s,q(.),p(.,.)(Ω) as i tends to infinity. Hence u = 0 (s, q(.), p(., .))-r.q.e. in
Ωc. Therefore u ∈ W˜
s,q(.),p(.,.)
0 (Ω) and the space W˜
s,q(.),p(.,.)
0 (Ω) is complete.
To show that W˜
s,q(.),p(.,.)
0 (Ω) is a lattice, it is suffices to prove the assertions for
max {u, v} since min {u, v} = −max {−u,−v}. Let u, v ∈ W˜
s,q(.),p(.,.)
0 (Ω), then
there exists a (s, q(.), p(., .))-relatively quasicontinuous functions u˜, v˜ ∈ W˜s,q(.),p(.,.)(Ω)
of u and v respectively. It is clear that max {u˜, v˜} and min {u˜, v˜} are also
(s, q(.), p(., .))-relatively quasicontinuous functions. Moreover,
‖max {u, v}‖
W˜
s,q(.),p(.,.)
0 (Ω)
6 ‖u‖
W˜
s,q(.),p(.,.)
0 (Ω)
+ ‖v‖
W˜
s,q(.),p(.,.)
0 (Ω)
6 ‖u˜‖W˜s,q(.),p(.,.)(Ω) + ‖v˜‖W˜s,q(.),p(.,.)(Ω)
< ∞.
Thus it follows that max {u, v} ∈ W˜
s,q(.),p(.,.)
0 (Ω).
Since W˜
s,q(.),p(.,.)
0 (Ω) is a proper closed subspace of W˜
s,q(.),p(.,.)(Ω), it is also a
separable, reflexive and uniformly convex space. 
Using the fact that C∞0 (Ω) ⊂ W˜
s,q(.),p(.,.)
0 (Ω) and combining the Theorem 3.12
with the definition of the space W˜
s,q(.),p(.,.)
0 (Ω), we obtain the following corollary.
Corollary 3.13. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω× Ω). Then
H
s,q(.),p(.,.)
0 (Ω) ⊂ W˜
s,q(.),p(.,.)
0 (Ω) ⊂ W˜
s,q(.),p(.,.)(Ω).
Theorem 3.14. Let s ∈ (0, 1), q ∈ P(Ω) and p ∈ P(Ω × Ω). Assume that
Ws,q(.),p(.,.)(Ω) ∩ C∞(Ω) is dense in Ws,q(.),p(.,.)(Ω). Then
H
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω) =W
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω).
Proof. By corollary 3.13 and Theorem 3.3 it suffices to show that
W˜
s,q(.),p(.,.)
0 (Ω) ⊂ H
s,q(.),p(.,.)
0 (Ω).
Let u ∈ W˜
s,q(.),p(.,.)
0 (Ω) and u˜ its canonical representative. We need to show that
there exist function ϕi ∈ C
∞
0 (Ω) which converges to u˜. Without lost of generality,
we can assume that u˜ is positive and bounded.
Let ε > 0 and G ⊂ Ω be an open set such that u˜ is continuous in Gc and
C
s,Ω
q(.),p(.,.)(G) < ε. Since u˜ is continuous in G
c and u˜ = 0 a.e. in Ωc, it follows
that u˜ = 0 a.e. in (Ω ∪ G)c. Let ϕε ∈ W
s,q(.),p(.,.)(Ω) be such that 0 6 ϕε 6
1, ϕε = 1 in G, ‖ϕε‖Lp(.,.)(Ω) < ε and ρ
s,Ω
q(.),p(.,.)(ϕε) < ε. For 0 < δ < 1, we
define u˜δ(x) := max {u˜(x)− δ, 0}. Then, there exists a bounded closed set F ⊂
Gc such that u˜δ(x) = 0 a.e. in (F ∪ G)
c. Hence (1 − ϕε)u˜δ = 0 in F
c and
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supp {(1− ϕε)u˜δ} ⊂ F . Thus this function has compact support in Ω. Next, we
claim that (1− ϕε)u˜δ −→ u˜ as ε, δ −→ 0. Observe that
‖u˜− (1− ϕε)u˜δ‖Ws,q(.),p(.,.)(Ω) ≤ ‖u˜− u˜δ‖Ws,q(.),p(.,.)(Ω) + ‖ϕεu˜δ‖Ws,q(.),p(.,.)(Ω)
and
‖u˜− u˜δ‖Ws,q(.),p(.,.)(Ω) 6 δ
∥∥χsupp(u˜)∥∥Lq(.)(Ω) + ‖ψδ(x, y)‖Lp(.,.)(Ω×Ω) ,
where
ψδ(x, y) := χ{0<u˜(x)<δ}×{0<u˜(y)<δ}
|u˜(x)− u˜(y)|
|x− y|n+
s
p(x,y)
.
Hence ‖u˜− u˜δ‖Ws,q(.),p(.,.)(Ω) −→ 0 as δ −→ 0.
Next, we show that ‖ϕεu˜‖Ws,q(.),p(.,.)(Ω) −→ 0 as ε −→ 0. From [4, Proposition 3],
it suffices to prove that ρs,Ω
q(.),p(.,.)(ϕεu˜δ) −→ 0 as ε −→ 0. We have that
ρ
s,Ω
q(.),p(.,.)(ϕεu˜) :=
∫
Ω
|ϕε(x)u˜(x)|
q(x)
dx+
∫
Ω
∫
Ω
|(ϕεu˜)(x)− (ϕεu˜)(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy.
Since u˜ is bounded, we obtain that∫
Ω
|ϕε(x)u˜(x)|
q(x)
dx 6 (‖u˜‖q
+
∞ + ‖u˜‖
q−
∞ )
∫
Ω
|ϕε(x)|
q(x)
dx
6 (‖u˜‖q
+
∞ + ‖u˜‖
q−
∞ )ρ
s,Ω
q(.),p(.,.)(ϕε)
6 ε(‖u˜‖q
+
∞ + ‖u˜‖
q−
∞ ).
Hence
∫
Ω
|ϕε(x)u˜(x)|
q(x)
dx −→ 0 as ε −→ 0. On the other hand
|ϕε(x)u˜(x)− ϕε(y)u˜(y)|
p(x,y) ≤ 2p
+−1 |u˜(x)|p(x,y) |ϕε(x)− ϕε(y)|
p(x,y)
+ 2p
+−1 |ϕε(y)|
p(x,y) |u˜(x)− u˜(y)|p(x,y) .
Hence∫
Ω
∫
Ω
|(ϕεu˜)(x)− (ϕεu˜)(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy ≤ 2p
+−1
∫
Ω
∫
Ω
|u˜(x)|p(x,y) |ϕε(x)− ϕε(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+ 2p
+−1
∫
Ω
∫
Ω
|ϕε(y)|
p(x,y) |u˜)(x)− u˜)(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy
6 (‖u˜‖p
+
∞ + ‖u˜‖
p−
∞ )ρ
s,Ω
q(.),p(.,.)(ϕε)
+ 2p
+−1
∫
Ω
∫
Ω
|ϕε(y)|
p(x,y) |u˜)(x)− u˜)(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy.
Since ϕε −→ 0 in L
p(.,.)(Ω × Ω), as ε −→ 0, we can choose a sequence ϕi which
tends to 0 a.e. in Ω× Ω. Then∫
Ω
|ϕi(y)|
p(x,y) |u˜)(x)− u˜)(y)|p(x,y)
|x− y|n+sp(x,y)
dx dy −→ 0
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by the Lebesgue dominated convergence theorem with
|u˜(x)− u˜(y)|p(x,y)
|x− y|n+sp(x,y)
as a
dominant. Therefore ρs,Ω
q(.),p(.,.)(ϕεu˜) −→ 0, as ε −→ 0. Hence (1− ϕε)u˜δ −→ u˜ as
ε, δ −→ 0. Now, let ψi ∈ C
∞(Ω) which tend to (1− ϕε)u˜δ. Let η ∈ C
∞
0 (Ω) such
that η = 1 in supp {(1− ϕε)u˜δ}. By construction, we have that ηψi ∈ C
∞
0 (Ω).
We set v := (1− ϕε)u˜δ, then
ρ
s,Ω
q(.),p(.,.)(v − ηψi) =
∫
supp{v(x)}
|v(x)− ψi(x)|
q(x)
dx
+
∫
supp{v(x)}
∫
supp{v(y)}
|v(x)− ψi(x)− v(y) + ψi(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
+
∫
Ω\supp{v(x)}
|η(x)ψi(x)|
q(x)
dx
+
∫
Ω\supp{v(x)}
∫
Ω\supp{v(y)}
|η(y)ψi(y)− η(x)ψi(x)|
p(x,y)
|x− y|n+sp(x,y)
dx dy.
Since ψi −→ v, then ∫
supp{v(x)}
|v(x)− ψi(x)|
q(x)
dx −→ 0
and ∫
supp{v(x)}
∫
supp{v(y)}
|v(x)− ψi(x)− v(y) + ψi(y)|
p(x,y)
|x− y|n+sp(x,y)
dx dy −→ 0.
Moreover,∫
Ω\supp{v(x)}
|η(x)ψi(x)|
q(x)
dx 6 (‖η‖q
+
∞ + ‖η‖
q−
∞ )
∫
Ω\supp{v(x)}
|ψi(x)|
q(x)
dx
and ∫
Ω\supp{v(x)}
∫
Ω\supp{v(y)}
|η(y)ψi(y)− η(x)ψi(x)|
p(x,y)
|x− y|n+sp(x,y)
dx dy
is less than
C(p+, p−, ‖η‖∞)
∫
Ω\supp{v(x)}
∫
Ω\supp{v(y)}
(
|ψi(x)− ψi(y)|
p(x,y)
|x− y|n+sp(x,y)
+ |ψi(x)|
p(x,y)
)
dx dy.
Since ψi −→ v and v = 0 in Ω \ supp {v}, we get that∫
Ω\supp{v(x)}
|η(x)ψi(x)|
q(x)
dx −→ 0
and ∫
Ω\supp{v(x)}
∫
Ω\supp{v(y)}
|η(y)ψi(y)− η(x)ψi(x)|
p(x,y)
|x− y|n+sp(x,y)
dx dy −→ 0.
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Hence ρs,Ω
q(.),p(.,.)(v−ηψi) −→ 0. Therefore, we have constructed a sequence (ηψi)i ∈
C∞0 (Ω) which approaches v. But v can be chosen arbitrarily close to u˜, and so
we get a sequence of C∞0 (Ω) functions tending to u˜. 
Corollary 3.15. Let s ∈ (0, 1), q ∈ P log(Ω) and p ∈ P log(Ω × Ω). Assume that
Ω is a W
s,q(.),p(.,.)
0 (Ω)-extension domain. Then
H
s,q(.),p(.,.)
0 (Ω) =W
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)(Ω) = W˜
s,q(.),p(.,.)
0 (Ω).
Next, we give a relative capacity criterium for removable subsets for W˜
s,q(.),p(.,.)
0 (Ω).
Definition 3.16. Let Ω ⊂ Rn be an open set. We call a subset N of Ω is
removable for W˜
s,q(.),p(.,.)
0 (Ω) if
W˜
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω \N).
Theorem 3.17. Let N be a subset of Ω. Then the following assertions are
equivalent.
(1) Cs,Ω
q(.),p(.,.)(N ∩ Ω) = 0;
(2) W˜
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω \N).
Proof. (1) =⇒ (2): We assume that Cs,Ω
q(.),p(.,.)(N ∩ Ω) = 0. First, it is clear
that W˜
s,q(.),p(.,.)
0 (Ω \N) ⊂ W˜
s,q(.),p(.,.)
0 (Ω). To prove the converse inclusion, let u ∈
W˜
s,q(.),p(.,.)
0 (Ω) and u˜ ∈ W˜
s,q(.),p(.,.)(Ω) be it is relative (s, q(.), p(., .))-quasicontinuous
representative. Hence u˜ = u a.e. in Ω\N and u˜ = 0 (s, q(.), p(., .)-r.q.e in (Ω\N)c.
Hence u restricted to Ω \N belongs to W˜
s,q(.),p(.,.)
0 (Ω \N) and∥∥u|(Ω\N)∥∥W˜s,q(.),p(.,.)0 (Ω\N) = ‖u˜‖W˜s,q(.),p(.,.)(Ω) .
Thus W˜
s,q(.),p(.,.)
0 (Ω) ⊂ W˜
s,q(.),p(.,.)
0 (Ω \N).
(2) =⇒ (1): Let N be a subset of Ω. We assume that
W˜
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω \N).
Let x0 ∈ Ω and write
Ωi := B(x0, i) ∩
{
x ∈ Ω : dist(x,Ωc) >
1
i
}
, i = 1, 2, . . .
We define ui : Ω −→ R by ui := max {1− dist(x,N ∩ Ωi), 0}, i = 1, 2, . . .. Then
ui ∈ W˜
s,q(.),p(.,.)(Ω) is continuous, 0 6 ui 6 1 and ui = 1 in N ∩ Ωi. We define
vi : Ωi −→ R by vi := dist(x,Ω
c
i), i = 1, 2, . . . Then vi is (s, q(.), p(., .))-relatively
quasicontinuous and vi ∈ W˜
s,q(.),p(.,.)
0 (Ωi) ⊂ W˜
s,q(.),p(.,.)
0 (Ω). By Proposition 3.11,
we have that uivi ∈ W˜
s,q(.),p(.,.)
0 (Ω) = W˜
s,q(.),p(.,.)
0 (Ω \ N), i = 1, 2, . . . We fix
i. If w is such that (s, q(.), p(., .))-relatively quasicontinuous function that w =
uivi a.e. in Ω \ N , then w = uivi a.e in Ω since |N | = 0. Now, by Theorem
2.8 we get that w = uivi (s, q(.), p(., .)) -r.q.e in Ω. In particular, w = uivi >
0 (s, q(.), p(., .)) -r.q.e in Ωi ∩N . On the other hand, since uivi ∈ W˜
s,q(.),p(.,.)
0 (Ω \
N), we can define w = uivi = 0 (s, q(.), p(., .)) -r.q.e in (Ω \ N)
c. In particular,
we have w = uivi = 0 (s, q(.), p(., .)) -r.q.e in N \ Ωi. This is possible only if
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C
s,Ω
q(.),p(.,.)(N \ Ωi) = 0 for i = 1, 2, . . . By the proprieties of the fractional relative
(s, q(.), p(., .))-capacity, we get that
C
s,Ω
q(.),p(.,.)(N) 6 C
s,Ω
q(.),p(.,.)
(
∞⋃
i=1
(N ∩ Ωi)
)
6
∞∑
i=1
C
s,Ω
q(.),p(.,.)(N ∩ Ωi) = 0.
This complete the proof. 
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